Universal graphs and functions on wy

Saharon Shelah®', Juris Steprans®?

% Department of Mathematics, Rutgers University, Hill Center, Piscataway, New Jersey, U.S.A. 08854-8019
and
Institute of Mathematics, Hebrew University
Givat Ram, Jerusalem 91904, Israel
b Department of Mathematics, York University, 4700 Keele Street, Toronto, Ontario, Canada M3J 1P3

Abstract

It is shown to be consistent with various values of b and 0 that there is a universal graph on w;. Moreover, it is also
shown that it is consistent that there is a universal graph on w; — in other words, a universal symmetric function from
w? to 2 — but no such function from w? to w. The method used relies on iterating well known reals, such as Miller and
Laver reals, and alternating this with the PID forcing which adds no new reals.

1. Introduction

1.1. Background to the problem

It is well known that countably saturated models are universal for models of cardinality X;. However, in the case
of graphs, the existence of a saturated model is equivalent to 280 = X;. These two observations immediately raise the
question of whether it is possible to have a universal graph of cardinality RX; in the absence of the Continuum Hypothesis.
This provided the motivation for the articles [1], [2] and [3] which solved not only this question, but also others about
the universality of different structures.

While the results to be presented here have their roots in this work, they are also motivated by considerations that
are not model theoretic. A function U : X x X — X is said to be (Sierpiriski) universal if for any G : X x X — X there
is e : X — X such that G(z,y) = U(e(z),e(y)) for all  and y in X. The function e will be called an embedding of G
into U. An early reference to this notion can be found in Problem 132 of the Scottish Book [4] in which Sierpinski asked
if there is a Borel function which is universal in this sense, when X is the real line. He had already shown in [5] that
there is a Borel universal function assuming the Continuum Hypothesis. This notion of universal function is also studied
in Rado [6]. More recently, this notion and various generalizations of it were studied in [7], in which a restricted form of
the following definition appears as Definition 7.5.

Definition 1.1. A function U : k X k — A is weakly universal if for every f : k X kK — X there exist one-to-one functions
h:k— kand k: A — X such that k(f(a, 8)) = U(h(a), h(B)) for all & and S in k. The pair (h, k) will be called a weak
embedding.

Definition 7.4 of [7] defines a function U : k X K — Kk to be model theoretically universal if it is weakly universal, as in
Definition 1.1, but with A = k. Note that U is Sierpinski universal if it is weakly universal with k being the identity.
Remark 7.7 of [7] claims that all three notions — Sierpiriski universal, weakly universal, and model theoretically universal
— are equivalent for maps into 2.

The following is Theorem 5.9 of [7] showing that there is no difference between asking about the existence of universal
graphs — in other words, symmetric, irreflexive functions from w? to 2 — and non-symmetric functions from w? to 2.

Theorem 1.2. For any infinite cardinal k the following are equivalent:

1. For each n € N there is a universal function from k X Kk to n.
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2. For some n € N with n > 2 there is a universal function from k X k to n.

3. There is a symmetric, irreflexive function from k X k to 2 universal for all symmetric, irreflexive functions from
KX K to?2

4. There is a universal graph on k.

Given Theorem 1.2 it is reasonable to focus attention only on symmetric functions from w? to w and this will be done
from now on. Moreover, given that there are only two possible values for kK when A = 2, the validity of Remark 7.7 of
[7] should now be clear and, of course, assuming the Continuum Hypothesis there is a Sierpiniski universal function from
R? to R, and hence there is also a weakly universal function from w? to 2. Problem 7.8 of [7] asks if the existence of one
type of universal function implies the existence of the others in general. To provide a negative answer to the question,
it is therefore necessary to consider models where the Continuum Hypothesis fails. This provides an other path to the
questions considered in [1], [2] and [3].

When k = w; and A = 2 it was shown in [1] and [2] that it is consistent with the failure of the Continuum Hypothesis
that there is a symmetric universal function U : w? — 2 which satisfies all three universality properties for symmetric
functions. The methods used in the generalization of this result by Mekler to other theories in [3] provide examples of
Sierpinski universal functions U : w? — X for A equal to 2, w or wy. In the models of [1] and [2] the cardinal invariants
b and 0 have the following values respectively: N; and Ns. One might, therefore ask, whether these values are needed
for the existence of universal functions from U : w} — A with the failure of the Continuum Hypothesis. This question
becomes even more interesting in light of the positive results to be presented in Lemma 6.1 and Lemma 7.5 which rely on
small values of b and ? respectively. It will be shown in Corollary 3.10 that it is consistent with the existence of universal
functions from U : w? — 2 that b = 0 = N, and in Corollary 4.14 that it is consistent with the existence universal
functions from U : w? — 2 that b =0 = Ny.

However, the main goal of this paper will be to answer Problem 5.10 of [7]. This is done in Corollary 6.2 which
establishes that there is a Sierpiniski universal function from wf to 2 but no such function from w} to w. It is worth
recalling that Theorem 5.9 of [7] asserts that if 2 < n < w then there is a Sierpiniski universal function from w? to 2 if and
only if there is a Sierpiriski universal function from w? to n. The arguments presented here will also shed some light on
Problem 7.8 of [7]. This and related questions are discussed in §7. Finally, if one is only interested in obtaining a model
of set theory in which the Continuum Hypothesis fails, yet there is a universal graph of cardinality N, then §2 presents
an easier argument than the original of [1].

1.2. Notation and terminology

Since trees will play a central role in the following discussion, it may be worthwhile reviewing some notation and
terminology, even though most of this is standard and almost all of the notation used will follow that of Sections 1.1.D
and 7.3.D of [8]. By a tree T will be meant a subset T C w<“ = J,,,, w™ that is closed under initial segments — in other
words, if t € T and k < [t| then t [ k € T. If T is a tree and ¢ € T then T[t] will denote the tree defined by

Tit]={se€T |sCtortCs}

and succy(t) will denote the set {s € T | s Dt and |s| = |t| +1}.
A tree T will be called infinite splitting if | succr(t)| € {1,Rg} for each t € T. Define split(T) = {t € T | | succr(t)] = Ro }
and define
split, (T) = {t e split(T) | |[{ke|t| |t [ kesplit(T)}|=n}.

If T is infinite splitting then let ¥ : w<“ — split(T) be the unique bijection from w<* to split(T) preserving the
lexicographic ordering. For t € w<* let T(t) = T[Vr(t)] — the reader is warned that this notation differs from [7]. Hence
stem(T) can be defined to be W () for infinite splitting trees T'.

Let {u;}ic. enumerate w<* in such a way that if k£ < |u;| then there is j € ¢ such that u; | k = u;. Then for infinite
splitting trees T and S the ordering <,, is defined by T' <,, S if T'C S and ¥g(u;) = ¥r(u;) for all j € n.

Finally, recall that Miller forcing, or rational perfect set forcing, is denoted by PT in [8] and consists of all infinite
branching trees ordered by inclusion. Laver forcing, on the other hand, is denoted by LT in [8] and consists of all infinite
branching trees such that 7'\ split(7") is finite, also ordered by inclusion. In the case of Laver forcing the notion of a
front is useful: If T' € LT then W C T is a front if it consists of incomparable elements of T" and every maximal branch
of T' contains an element of W.



1.3. The universal graphs

The graphs that will be shown to be universal in the arguments to follow will all come from some initial model of set
theory in which the Continuum Hypothesis holds.

Definition 1.3. Given any function G : w? — w and 1 € w; define G :  — w by G"(¢) = G((,n) and then define
S1(G) = {G" | n}u>n. A function G : w} — w such that S7(G) is everywhere non-meagre for each n > w will be called
category saturated.

If one does not wish to restrict to irreflexive functions then one can define
STMG) ={G" I'n | p=nand G(u, p) =k}

and then ask that S"*(G) is everywhere non-meagre for each n > w for each k& € w. Since this added complication
currently provides no new insights, this work will focus on irreflexive functions only.

Definition 1.4. Let v be an atomic probability measure on w and let v be the Fubini product of this measure on w”
for any 7 € w;. A function G : w} — w such that S”(G) has outer measure 1 for each n > w will be called v-saturated.
The notion defined here will not be needed in this full generality. For the purposes of this article a function G : wf — 2
will be called measure saturated if it is v-saturated where v is the measure on 2 giving each point equal measure.

Lemma 1.5. Assuming the Continuum Hypothesis, there is a symmetric function from w? to w that is category saturated
and v-saturated for every atomic probability measure v.

Indeed, using the Continuum Hypothesis it is easy to construct a symmetric function G : w? — w such that S7(G) = w"
for each n € w1. Note, however, that adding a real will destroy this stronger property; nevertheless, in certain generic
extensions the weaker properties of being category saturated or v-saturated may persist.

2. Category saturated graphs are universal after adding Miller reals

2.1. A P-ideal from a class of names

This section will describe an ideal that arises in generic extensions in which reals are added. It can easily, but
inaccurately, be described as the collection of all sets in the extension that have a name that is a continuous function
whose range is almost disjoint.

Definition 2.1. If G C PT is generic over V define S(PT) to be the set of all S € [w;]™° such that there is T € G and
Y T — [w] <N such that

1l.yeV
2. P(s)Ne(t) =0 unless s =t
3. TlFpr “S = U;‘;o (re [ J)” where rg : w — w is the generic real obtained from the generic set G.

Functions satisfying (2) will be said to have disjoint range. Given any ¢ : T — [wi]<N let Sy be a PT-name for
U;io Y(rg | j) where rg = Uy stem(T') and G is the generic set.

Lemma 2.2. If S € S(PT) then there is T € G and ¢ : T — [w1]<™ such that (t) = 0 unless t € split(T) and
Tlpp 5 =8,

PrOOF. Given S € S(PT) it suffices to show that for T € PT there is T C T and v : T — [w1]<®° such that ¢ (¢) = 0
unless ¢ € split(T) and T IFpp “S = Sy”. To this end use the definition of S(PT) to find T*, T and and T — Jwy|<No
such that T* lFpp “S = Sy and T € G”. Observe that T = T*NT € PT because otherwise it would follow that
T* lFpr “T ¢ G”.

Then define ¢ : T — [w;]<N° by

(1 k)| (Vi €lklt))tlsé¢ split(T)} if t € split(7T)

0 otherwise.

<
=
I
—
(-
—
=,

It should be obvious that ¢ : T — [wi] <™ has disjoint range and that T' lFpx “Sy = Sy = 57



Lemma 2.3. Let G C PT be generic over V and S C wy in V[G]. Then the following are equivalent:
1. S € S(PT)

2. for all F:wXxw — wy in V such that the mapping j — F(n,j) is one-to-one for alln € w, thereis g:w — w in 'V
such that for all n € w there is k < g(n) such that F(n,k) ¢ S

3. for all F: w X w — w1 in'V such that the mapping j — F(n,j) is one-to-one for all n € w, there is a one-to-one
function g : w x w = w 0 V such that F(n,g(n,m)) ¢ S for all (n,m) € w X w.

In particular, S(PT) is closed under subsets and finite unions. Moroever if S € S(PT) then S contains no infinite set
from V.

PrROOF. To see that (1) implies (3) suppose that S € S(PT). Using Lemma 2.2 find
¥ = split(T) — [wi] <N

such that T IFpp “S = Sy” and 9(t) = 0 unless ¢ € split(T). Let F': w x w — wy belong to V such that the mapping
j = F(n,j) is one-to-one for all n € w. Let {(in, jn)}necw enumerate w x w and construct trees T, and distinct integers
9(in, jn) such that

1. Ty=T
2. Tn+1 Sn Tn

3. F(l,g(ie, jeo) & Uien, Ujg|\11T" (us)] Y(Vr, (u) [ ) for all £ € n.

To construct 7,41 first choose g(iy, jn) such that g(iy, jn.) # g(ie, je) for £ € n and such that

1€n j<| ¥, (ui)l

Then note that for each k < n there is at most one s, € T, such that F(ix, g(ix,jr)) € ¥(sk) and none of these sy is
below any Wr, (u;) for £ € n. It is therefore easy to find Ty, 41 C T}, such that W, . (u,) # s; for all i < n and, hence, the
induction hypotheses are satisfied. Let T* = (,, T}, and observe that the function g : w X w — w defined by the induction
belongs to V' and that

T* kpr “(Vn € w) F(n,g(in,jn)) ¢ S”.

To see that (2) implies (1) suppose that S satisfies (2). Let S = {0,},c. be an enumeration of S and let T' € G be
such that there is ¢ : split,,(T') — w; such that Ty Fpr “o, = ¥(¢)” for each t € split, (T). Now let B be the set of
t € split(T') such that there is a family {w!};c., C split(T) such that

1. wiDt

2. w;(Jt]) # w;(|t]) unless ¢ = j

3. there is 6,, € [];2,,([t], |wf]) and p,, for each n € w such that if n <4 then ¥(w! | 6,(7)) = pn
4. pp # pm unless n = m.

It will first be shown that B cannot be dense in T'.

For if B were dense in T then it would be possible to find ' C T such that T € PT, split(T) C B and if t € split,, (T)
and {w!};c., enumerates {s € split,, ,(T) | s Dt} then there are 0!, € [;2 (|t|,|w!|) and p!, for each n € w witnessing
that t € B. Let {t;};c., enumerate split(T) and define F' : w x w — w; by F(m,n) = ptm.

Now given any 7% C T such that 7* € PT and any g € w¥ NV it follows that stem(7T*) = t,, for some m. There
is then some n € w and some ¢* such that ¢t* O wi™ D t,, and n > g(m). Then T} IFpp “{pi™ fgf”l C S” yielding a
contradiction to the hypothesis on S.

Hence it will be assumed that B = (). Construct a sequence T'= Ty >¢ T1 >1 T» ... such that for each k € n there is

a family {wF};c,, satisfying:

1. wf D) \IJTn(uk)



2. wF(|Wr, (u)]) # wk (|¥r, (ug)|) unless i = m

3. there is some J; € w and §; € Hfijﬂ\I/Tn (ug)|, |wF|) and distinct p;? for each j € J; such that if j < ¢ then

Y(wk | 0;(i)) = p;? and, moreover, the set {p?}jejk is maximal with this property.

Completing this induction is easy using the fact that T, N B = 0. Let T* =, T,, and let (V- (uy)) = {p;?}jeJk.
Next observe that there is T** C T* such that split(7**) = split(7*) N T** and

(Vs € T\ {Ur, (i) | k€n}) v(s) ¢ | Wr, () (2.1)
ken
(Vk <m <n) (U, (u)) NP(Ur, (up)) =0 (2.2)

To see this construct a sequence T = Ty >¢ Ty >; Th... such that (U, (u;)) N (P, (uj)) =0 fori < j < n.
Given T,,, let j be such that u; is maximal from the set {u; | ¢ <n and u; C uw, }. There cannot be infinitely many

s € succr, (¥, (u;)) such that there is 5 € T),[s] such that (5) € (¢, ¥(¥r, (ur)) # @ because this would violate the
maximality of ¢(Ur, (u;)). This makes it easy to find T,,41. Then ¢ : T** — [wy] <N witness that S € S(PT).

To see that (3) implies (2) let g(n) = g(n,0) + 1.

The fact that S(PT) is closed under subsets follows from (3). To see that S(PT) is closed under finite unions, let Sy
and 57 belong to S(PT). Given F : w X w — wy let g : w X w — w witness (2) for Sp. Then, using F o go in the place of
Flet g1 : w X w — w witness (2) for Sy. This also witnesses (2) for Sp U S for the given function F'.

To see the final claim le X € [w1]*° belong to V and let S € S(PT). Then let F : wxw — wy be such that {F (i, j)}jew
enumerates X on each i € w. It follows from (3) that X € S.

It will be useful to observe that it is possible to isolate part of the proof of Lemma 2.3 to show the following.

Corollary 2.4. If T € PT and ¢; : T — [wi|<N have disjoint range for i € k then there is T* C T such that
split(7™) = split(T) N T* and the function ¢ defined by 1 (t) = J,cp, ¥i(t) has disjoint range.

PRrROOF. The key point is that at each stage of a fusion argument only finitely many nodes of the tree need to eliminated.
Question 2.5. If G is PT generic over V does it follow that S(PT) equal to the
{(X el | PX)NV = [X]N}
in V[G]?
Lemma 2.6. If v; : T; — [w1]<Y° have disjoint range for i € w then there are T; C T; such that
split(T;) = split(T;) N T; (2.3)
(Vi <j<w)(VteT;)(Vs €Tj) ift 2 stem(T;) and s D stem(T}) then ¥;(s) Nap;(t) =0 (2.4)

PrOOF. This is a routine fusion argument. Using Lemma 2.2 it may be assumed that 1;(¢) = 0 unless ¢ € split(7;). The
key point is that given n € w and T, ; C T; for i € w there are T}, 41 ; for j € w such that

[ ] Tn—i—l,j <n ij fOI'j eEn

¢ Thi1; €Ty jforjew

Split(TnJ’_Lj) = Split(TnJ) N Tn+1,j for _] cw

T jui) =TT, (u;)] for j <nandiecn

Vi(Ur, , (Um)) NP (Y1, (ug)) =0 if i <j<nandk,men.

To find ¥, Iy (uy,) for j <n use the fact that each v; has disjoint range and each T, ; is infinite branching to eliminate
the finitely many nodes violating this requirement — only {stem(7};)};c., cannot be omitted.

Lemma 2.7. If S is PT-name such that T IFpr “S € S(PT)” then there is T C T and ¢ : T — [wi]<X° such that



o stem(7T) = stem(7) = t*
e 1) has disjoint range
o Gt 1) =0 for j < |t
o Tlrpr “S=*5".
PROOF. For each t € succr(t*) use Lemma 2.2 to find 73 < T'[t] and 1) such that
o Yy : Ty — [w1]<™ has disjoint range
o Py(t]j)=0forj <[t
o T, lkpy “S =" 5,,".
Now apply Lemma 2.6 to the family {4 }+csuce (¢+) to find T, C T, such that v defined by

b(s) = Yi(s) if (3t € sucer(t*)) s Dt and s € T}
SR if (3t € sucer(t*)) s Ct

has disjoint range. Let T = . Ty. Tt is immediate that ¢ and T satisfy the lemma.
tesucer (t*)

Lemma 2.8. If G is PT generic over V then S(PT) is a P-ideal in V[G].

PROOF. Suppose that {S,}ne, are PT-names such that T IFpt “S,, € S(PT)” for each n. If it is possible to construct
T, and 1, such that

L. Ty=T
2. Tpi1 <n Tn
3. Y : Ty — [w1]<N0 has disjoint range
4 (Y, (wi) | J) = Ypa (Y, (i) [ ) if i € noand j < [V, (u;) [ ]
5. if t € Tpy1 then ¥ (t) C s (t)
6. (Vi <n) T, IFpr “S; C* Sy,”.
Then let T' = (.., T and let 1 be defined by 1 (t) = |J, 1« (t) noting that this is finite by (4). Then
T lkpt “Sy € S(PT) and (Vj) Sy 2* ;7.
To complete the construction suppose that 7;, and v, are given. For i € n let
Uy={teT(u;) | (Vjen)ifu; Ctthenu; Cu;}.
Use Lemma 2.7 to find T;* C U; and ¢} : T; — [w;]<™° such that
o stem(7})) = Up (u;)
e 1f has disjoint range
o (U, (w) [ j) =0 for j < |¥r, (us)]
o T/ lbpr “S, =" Sy



Use Corollary 2.4 for each 7 € n to find T;* C T} such that stem(7;*) = W¥r, (u;) and the function ;* defined by

7

Yi*(s) = ¥ (s) Utb,(s) has disjoint range. Then apply Lemma 2.6 to find T; C T;** such that stem(T;) = ¥, (u;) and
(Vi< j<n)(VteT)(Vs €Ty) ift D ¥y (u;) and s 2 Ur, (uj) then Yi*(s) Ny (t) = 0.

Since this only requires a finite amount of further pruning, it may be assumed that

oirn | U U n@r(uw) k)| ] =0
jen \k<|¥r, (uj)|
foreach i € nand t € Tl Now let T}, 41 = Uie” Tl and define 9,11 by
¢n(t) if (HZ S ’/l) t C \I/Tn (uz)

Ynt1(t) = {T/}n(t) Uys*(t) if (Jien)tD ¥, (u;)

and check that this satisifies the induction hyptheses.

Lemma 2.9. If G is PT generic over V and S € S(PT) and f : S — 2 is a function in V|[G) then there is T € G and
¥ defined on T with disjoint range and f* such that

1. T ”_PT “S = Sw ”
2. [*: Useq ¥0(t) — 2
3. ift € T then T[t] Fpr “f [ (t) = f* | (t)” and, hence, T lFpp “ f = f*]S”.

PROOF. It suffices to show that the set of ' € PT satisfying Conditions (1) to (3) is dense. Given T' € PT use Lemma 2.2
to find T'C T and % such that T lFpr “S = S,” and such that ¢(¢) = () unless ¢ € split(T). Now construct T, and f;
such that:

[ TO = T
L4 Tn+1 <nTn

e the domain of f; is U, ¥ (¥, (u;))

e if j € n then T),(u;) lFpr “fF [ (V7 (u;)) C f7.

Then if T,, =
lemma.

To complete the induction it suffices to note that T}, (u,,) IFpr “¢(Ur, (u,)) € S” and hence for each s € sucer, (U1, (un))
there is an extension T° C T,,[s] and f, such that T° IFpr “f 1 (U, (un)) = fs”. Now choose T;,41 such that T, 11 <, T),
and there is f : (U7, (u,)) — 2 such that f, = f for all s € sucer, ., (U1, (uy)). Let fi ., = frUf.

T, it is clear that ¢ [ T, and f* = {J, ., f»r Witness that T, satisfies Conditions (1) to (3) of the

new

Lemma 2.10. If G is PT generic over V and S € S(PT), S C & € wy, f: S — 2 is a function in V|G] and Z C 2¢ is
nowhere meagre, then there is z € Z such that f C z.

PRrOOF. Given f find T, ¢ and f* satisfying Conditions (1) to (3) of Lemma 2.9. Using Lemma 2.2 it may be assumed
that o(t) = 0 if ¢ ¢ split(T). Let f = f* | ¢(stem(T)) and let O be the open set {h € 25 | A D f}. Then ZN O is not
meagre in O. Note that

ONn{he2* | (Vk €w)(Vt € split,(T)) | {s € split,,(T) | s D2t and f* [1(s) Ch}|=Ng}
is a dense G5 in O and hence there is some z € Z such that f C z and
(Vk € w)(Vt € split, (T)) | {s € split,(T) | s Dtand f* [(s) Ch}| =N

It follows that there is 7% C T such that 7" € PT and such that if ¢ € split(7™) then f* [ 9(t) C z and hence f* C z.
It follows that T* IFpp “f C 27.



2.2. Applying the P-ideal dichotomy

This section will use some results from [9]. (The strengthened results of [10] will not be needed here). Recall that if
T is an ideal on a set X then Y C X is said to be orthogonal to Z if [Y]* NZ = ().

Lemma 2.11. If G is PT generic over V then no uncountable subset of wy is orthogonal to S(PT) in VI[G].

PROOF. Suppose that Z is a PT-name such that T IFpt “Z € [wl]Nl”. It suffices to construct a sequence of conditions
T, € PT and ordinals (, such that:

e Ty =T,

o 111 <, T, for each n

o T, (u;) lFpr “C; € Z” for each j € n
e the mapping j — (; is one-to-one.

To carry out the construction let T;, be given and let = maxje, (. Find T C Ty (u,) and ¢, > n such that
T* lkpr “Cy € Z7. Let Tyr = (T, \ Tn{uy)) UT™.

The applications of the P-ideal dichotomy in [9] and [10] all rely on simply finding an uncountable set all of whose
countable subsets belong to a given ideal. The arguments to be presented here rely on a stronger version of the axiom,
but one which is, nevertheless, true in the model constructed in [9]. The following theorem is implicit in Lemma 3.1 of
[9]; the following argument simply verifies this assertion.

Theorem 2.12 (Abraham & Todorcevic). IfZ is a P-ideal on wy then there is a partial order Pz, that adds no reals,
even when iterated with countable support, such that Pz adds a set Z C wy such that for any W C wy which is not the

union of countably many sets orthogonal to T _
Llkp, “ZNW £07 (2.5)

llFp, “Ynew) ZNnel” (2.6)
PROOF. The proof is the same as that in [9]. To begin, given a non-principal P-ideal Z on wy, fix A¢ C & for each £ € wq

such that if £ € n then A¢ C* A, and such that every member of Z is almost included in some A¢. The partial order Pz
is defined to consist of pairs p = (z,, X,) such that:

o 1, € Z (The reader should not be confused by the claim in [9] that z, can be any countable subset of w;.)
o |X,| <N
o X, C [cwq]R1.
The ordering on Pz is defined by defining p < ¢ if:
o z, Nsup(z,) = 4
e X, 2%,
o {{eX |zp\zqg C A} € X, for every X € X,.

Lemma 3.1 of [9] establishes that if wy cannot be decomposed into countably many sets orthogonal to Z, then for each
7 € wy the set of p € Pz such that x, \ v # 0 is a dense subset of Pz. It will now be verified that the same argument
establishes that if W C wy is not the union of countably many sets orthogonal to Z then D(W) ={p e Pz |z, "W # 0}
is a dense subset of Pz.
To see this suppose that there is no member of D(W) extending p. Then for each y € W there is some X € X, such
that
X(p)={{e X [ peA}

is countable. For X € X, let
B(X)={peW | |X(u)]="Ro}



and note that the hypothesis on W implies that (Jycy B(X) 2 W. It therefore suffices to show that each B(X) is

orthogonal to Z. To see that this is so, suppose that b is an infinite subset of B(X) andthat b € Z. Then{{ € X | bC* A¢}
is clearly a co-countable subset of X because of the cofinality of {A¢}ecw,. Moreover

{eeX b At= |J {£eX |(b\F)C A}

Felb]<Xo

and hence there is some F € [b]<% such that {€¢ € X | (b\ F) C A¢} is uncountable. Then if u € b\ F this contradicts
that X(pu) 2{{ € X | (b\ F) C A¢} and | X (u)| = Ng because pu € B(X).

Theorem 2.13. Let V be a model of set theory and suppose that U : w? — 2 is a symmetric, category saturated function
in'V and that G C PT is generic over V. In V[G] let H C Pgpr) be generic over V[G]. Then in V[G]|[H] the function
U is universal.

PROOF. Using Theorem 2.12 in V[G] there is R C w; such that [R]Y C S(PT) and RNY # ) for each uncountable
Y € V[G]. Given W : w? — 2 which is symmetric, construct by induction embeddings ey:n— Rof W I n? into U such
that e, Cecif n < (.

Since limit stages of the induction are trivial, it suffices to show that given e, there is e,41 as required. Let S be
the range of e, and suppose that S C £&. Then S € [R]* C S(PT). Let f : S — 2 be defined by f(o) = W (e, *(0),n)
and note that f € V[G] since V[G] and V[G|[H] have the same reals. Recall that PT preserves non-meagre sets
by Theorems 6.3.20 and 7.3.46 in [8]. By Lemma 2.10 it therefore follows that, using the notation of Definition 1.3,
Y ={y€w | f CU"} is an uncountable set in V[G]. By Theorem 2.12 it is possible to find v € R\ £ such that f C U"
and, hence, W (e; '(0),n) = f(o) = U(o,7) for all o € p. Let e,y1 = e, U{(n,7)}.

Corollary 2.14. It is consistent with b = Xy and 0 = Ny that there is a universal graph on wy.

PrOOF. The required model is the one obtained by starting with a model of the Continuum Hypothesis and iterating, with
countable support, wp Miller reals at even coordinates and forcing with Pspt) at odd coordinates. Any category saturated
graph in the initial model — and, in particular, any saturated graph — will be universal in the final extension. To see
this, begin by observing that by Theorem 7.3.46 of [8] it follows that P'T preserves CC°he? as defined in Definition 6.3.15
of [8]. Since Pg(pr) is proper and adds no new reals it is immediate that it also preserves CCohen By Theorem 6.3.20
of [8] it follows that the entire countable support iteration preserves non-meagre sets and, hence, any category saturated
graph in the initial model remains category saturated.

To see that all of these graphs are universal use Lemma 3.4 and Lemma 3.6 of [9] to conclude that each partial order
in the wy length iteration is proper and has the No-pic of Definition 2.1 on page 409 of [11]. By Lemma 2.4 on page 410
of [11] it follows that the iteration has the Ny chain condition and, hence, that any graph on w; appears at some stage.
It is then routine to apply Theorem 2.13.

It may be worth observing that Theorem 2.13 actually yields that if V' is any model of set theory in which there is a
category saturated graph and if G is PT generic over V and H is Pgpr) generic over V[G] then already in the model
V[G][H] the category saturated graph is universal. So if there were a model of 2% > X; with a category saturated graph
such that forcing with PT * Pgpr) does not collapse the continuum, then this would yield an even simpler method for
obtaining a universal graph with the failure of the continuum hypothesis. But even the following question seems to be
open.

Question 2.15. Is there a model of set theory in which there is a non-meagre set of cardinality less than 2%° such that
forcing with P'T over this model does not collapse the continuum?

3. Measure saturated graphs are universal after adding Laver reals

Definition 3.1. If G C LT is generic over V define S(LT) to be the set of all S C w; such that there is T € G and
Y T — [w]<N0 such that

1. eV
2. if s £ ¢ then ¢ (s) N(t) =0



3. for each t € T there is K € w such that |1(s)| < K for all s € succy(t).

4. Tlrpr “S = Sy”
recalling that Sy, is defined in Definition 2.1. Using Lemma 2.2 it can and will be assumed that ¢ (t) = 0 if ¢ C stem(T’).
Notation 3.2. For a tree W C w<¥ let max(W) denote the maximal elements of W.

Lemma 3.3. If S is an LT-name such that T IFyy “S € S(LT)” then there is T C T and v : T — [w1]<N° such that

e stem(T) = stem(T)

e 1 has disjoint range

o Tlrpr “S=* 5y
PRrOOF. For each w € succy(stem(T)) let T, C T[w] be such that stem(T,,) = w and there is a well founded tree
W, C Ty, such that max(W,,) is a front and for each ¢ € max(W,,) there is ¢ : Ty [t] — [w1]<N° with disjoint range such

that
Twlt] FrT “Sy, = S7.

The existence of Wy follows from a standard rank argument using the fact that for every U € LT such that U lFyp “S €
S(LT)” there is U C U such that U lkyp “S = S,,” for some ¢ : U — [w1]<N° in V with disjoint range.
Note that Lemma 2.6 remains true for Laver forcing because of Clause 2.3 and apply it to the family

{Y¢ | Twlt] | w € succrp(stem(T)) and ¢ € max(W,,) }

to find T;, C T, [t] such that Ty Ikt “S =* Sy,” and

v=J U wIh

weW \ temax(W,,)
has disjoint range. Let 7' = |J, ey Usemax(wa) T,. Then ¢ and T satisfy the lemma.

Lemma 3.4. If G C LT is generic over V and in V[G] and S € S(LT) and f : S — 2 then there is T € G, ¢ : T —
[wi] <R with disjoint range and f* : U,er ¥(t) — 2, both ¢ and f* in V, such that T lFpy “f* | S = f7.

PROOF. The proof is the same as that of Lemma 2.9 except that in the last paragraph the following fact needs to be used:
If W is a well founded tree such that | sucew (w)| = Ro for each w € W\ max(W) whose maximal nodes are coloured in
finitely many colours then there is W C W such that

e |succyy (w)| = Ry for each w € W \ max(W)

stem(W) = stem(W)

split(W) = split(W) N (W \ max(W))

all the nodes in max(W) are coloured the same colour.

It follows from the third condition that max(W) C max(W).
Lemma 3.5. If G C LT is generic over V then S(LT) is a P-ideal.

PrOOF. The fact S(LT) is closed under finite unions follows from Corollary 2.4. To see that S(LT) is closed under
subsets use Lemma 3.4. If S* C S € S(LT) then let f : S — 2 be the characteristic function of S*. Let T' € G and
Y : T — [wi1]<™ and f* be as in the conclusion of Lemma 3.4. Then setting ¢*(t) = {€ € ¥(t) | f*(&) = 1} witnesses
that S* € S(LT).

The proof of Lemma 2.8 using Lemma 3.3 instead of Lemma 2.7 can now be applied to show that S(LT) is a P-ideal.
The only question the reader may have is as to why Condition (3) of Definition 3.1 is satisfied. This is easily dealt with
by restricting the domain of 1, so that if ¢ € domain(t,,) then |t| > n.
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Lemma 3.6. If G is LT generic over V and S € S(LT), S C £ € wy, f: S — 2 is a function in V[G] and Z C 25 has
full outer measure, then there is z € Z such that f C z.

PROOF. Given f find T, v and f* satisfying the conclusion of Lemma 3.4. Let f = f* | ¥(stem(T)), recalling that
Y(t) =0 if t C stem(T), and let O be the open set {h € 2¢ | h D f}. Note that for a given ¢t € T Condition (3) of the
definition of S(LT) implies that there is a positive lower bound for the measure of {h € 25 | f* [ 1(s) C h} as s ranges
over succy(t). Therefore

{he 2¢ | [{s € sucer(t) | f* [ ¢(s) Ch}| =Ry}
has measure one and hence, since it is independent from O, it follows that
On{he2t | (Vtesplit(T)) |{s €sucer(t) | f* [ ¢(s) Ch}|=Ro}
has positive measure and so there is some z € Z such that f C z and
(Vt € split(T)) | {s € succr(t) | f* [¥(s) Ch}|=No.

It follows that there is 7% C T such that 7% € LT and such that stem(7*) = stem(7) and f* [ ¢(s) C z for all
s € split(T*). Then T* Ik “f C 27. It follows that there is a dense set of conditions forcing the conclusion of the
lemma.

Lemma 3.7. If W is a well founded subtree of w<% such that |succw (t)] = N for every t € W \ max(W) and if
0 : max(W) — wy then there is a subtree W* C W and a one-to-one function 6* : max(W*) — wy such that

o |succy«(t)| = Ry for every t € W* \ max(W*)
o if w € max(W) N max(W*) then 6*(w) = 6(w)

o if w € max(W*) \ max(W) then there is a subtree W,, C W{w] such that (w) = 6*(w) for each w € max(W,,) and
such that | succw,, (t)| = R for every t € Wy, \ max(Ww]) such that w C t.

ProoOF. This is standard argument by induction on the rank of the tree W.
Lemma 3.8. If G is LT generic over V then no uncountable subset of wy is orthogonal to S(LT) in V[G].

PROOF. This is similar to the proof of Lemma 2.11. Given T' € LT such that T IFpr “Z € [w]X” proceed by induction
on n to find T, y1 <, T5, (with Top = T) such that for each ¢ < n there is a well founded tree W; C T}, 1 (u;) such that
max(W;) is a front in Ty,41(u;) and a one-to-one function v¢; : max(W;) — w; such that T, 1[w] lFpr “¢i(w) € Z7 for
each w € max(W;). To carry out the induction, given T}, let o be a name for the least element of Z greater than all

elements of
U U Yi(w)

ten \ wemax (W)
and then find T* C T, (u,,) such that stem(7T*) = U7, (u,) and there is a well founded tree W* C T™* such that max(W™*)
is a front in T* and 0 : max(W*) — w; such that T*[w] Ik “o = 0(w)” for each w € max(W*). Then apply Lemma 3.7
to yield Wy,,41 € W* and 6* and let T,,11 = U’wEmax(Wn+1) T*[w] and then let 1,41 = 6*. Then let T = T, and
define ¢ by ¥(t) = {¢;(t) | t € max(W;) } and note that

new

[W@®)] < [{j ew |t €max(W;)}]| < [t]
as required by Condition (3) of the definition of of S(LT). It follows that T IFr “Sy € [Z]R0”.

Theorem 3.9. Let V be a model of set theory and suppose that U : wi — 2 is a symmetric, measure saturated function
in 'V and that G C LT is generic over V. In V|G| let H C Psr) be generic over VI[G]. Then in V[G|[H] the function
U 1is universal.

ProOOF. This is the same as the proof of Theorem 2.13 using measure in the place of category.
Corollary 3.10. It is consistent with b =0 = Xy that there is a universal graph on w.

Proor. This the same as the proof of Corollary 2.14.
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4. Measure saturated graphs are universal after adding w“-bounding reals

This section contains the key consistency result needed to establish the main result of this article, namely that the
existence of a universal graph on w; does not entail the existence of a universal function from w? to w. The key concepts
are already contained in §3 the only difference being that the partial order PTy ; of Definition 7.3.3 of [8] will be used in
the place of LT. As can be seen in the exposition of PTy in [8], there are a great many analogies between this partial
order and LT and these explain the similarities between §3 and this section. The following definition introduces the key
technical notion.

Definition 4.1. The partial order PT[ , will be used with the functions f and g defined as follows. First let a,, > 0 be
such that 07 ja, < 1. Let g(0,0) = 1. If g(n,n) has been defined let f(n) = max(g(n,n),2"). Then let g(n+1,0) =1
and then choose g(n + 1,k + 1) be so large that if

o [Xi licg(nt1,k+1),jent1 1S @ matrix of independent 2-valued random variables
e the probability that X; ; =1 is 1/2
e v:igln+lLk+1)x(n+1)—2
then the probability that
[{iegln+1,k+1) | (Vien+1) Xi; =0()} = gn+1k) (4.1)
is greater than 1 — a, /] _, f(m). It will also be required that the following inequalities hold:
g(n,j+1) > g(n,j)? (4.2)
gn+1,j+1)>g(n+1,5)f(n) (4.3)

g(n,j+1)> g(mj)( 11 f(m)> (4.4)

méen+1

g(nj+1) > g ) +Y | [ fom) (4.5)

j<n mej+1
g(n,j+1)>g(n,5) J] 2" (4.6)
men+1

all of which are easily obtained. The functions f and g are fixed throughout this section.
Recall that PTy , consists of trees T" C |, ., [I;c,, f(7) such that there is a function r : w — w satisfying that
lim,, o 7(n) = 0o and such that
[sucer(t)| > g(Jt[,r(|t]))

forall t € T. For any T' € PT¢ , fix rp : w = w witnessing that 7' € PTy ;. The ordering on PT; 4 is inclusion.

Definition 4.2. If G C PTy , is generic over V define S(PTy ;) to be the set of all S C w; such that there is T € G
and ¢ : T — [w;]<N0 such that

1. eV
2. if s # t then ¥(s)NY(t) =0
3. limer [(2)|/[t] =0

4. Tlkpr,, “S=5,".
recalling that Sy is defined in Definition 2.1. As in Definition 3.1 it will be assumed that ¢ (s) = 0 if s C stem(T).

Notation 4.3. In this section it will be convenient, for & € w and any tree T', to use the notation T'(k) = {t € T | [t| =k}
and to note that |T'(k)| < [, f(j) if T € PTy,.

12



The following is the lemma that corresponds to Lemma 2.6 in the context of the partial order PTy 4.
Lemma 4.4. If {T;}iemand {¢;}icm satisfy the following

e m < Hj€n+1 f()

o I, € PTy,

o |stem(T;)| = n for each i

o v, (£) > 2 for eachi € m and £ > n

o cach ; : T; — [w1]<N0 satisfies the requirements of Definition 4.2

then there are T} C T; such that
(Vt € T}) [sucery ()] = g([t], rr, (t]) — 2) (4.7)

(Vi <j<m)(Vt € T;})(Vs € T) if [t| > n and |s| > n then ;(t) N;(s) = 0. (4.8)

PROOF. Begin by noting the following simple fact: If F; € [w;]<F is a pairwise disjoint family for each i € u then
there are G; C F; such that (J,, i is a pairwise disjoint family and |G;| > |Fi|/uk. Given k > n, define Ff, =
{1i(s) | s € sucer, (t)} for each i € m and t € T;(k). Using Inequality (4.4), for each k > n choose Gf; C Ff; such that
GE,| > Uk, 7, (k) — 1) and

a=U| U
iem \teT;(k)

is a pairwise disjoint family for each k > n. Using the fact that || Zx| < k([ ;¢ f(4))? and Inequality (4.5) it is possible
to find H;; C Qtltl‘ such that

UU| U %
kewiem \teT;(k)

is a pairwise disjoint family and such that |H; ;| > g(|t], 7o, ([t]) — 2) if ¢ € T;. It is then immediate that there are T} C T;
such that stem(T}) = stem(7;) and such that succrs(t) = H;; if t 2 stem(7T}") and ¢t € T;. These T} satisfy the
lemma.

Corollary 4.5. S(PTy ) is closed under finite unions.

ProoFr. This follows from an argument similar to that of Lemma 4.4 using the following fact: If

{ai;}ticujen C [w1]<1C

is such that for each i € u the family {a; ;},en is pairwise disjoint then there is Y C n such that |Y'| > n/uk and the family
{Uieu @i,j}jey is pairwise disjoint. Of course, it is also necessary to note that the limit in Condition (3) of Definition 4.2
is preserved by finite sums.

Lemma 4.6. If T € PTy, is such that
Tlrpr,, “S€SPTyy)” (4.9)

M € w is such that (V¢ > | stem(T)|) rr(£) > M (4.10)
then there is T* C T and v : T* — [w1]<N° such that

e 1 has disjoint range and satisfies Condition (8) of Definition 4.2
o stem(7) = stem(T™)
° T* H_PTf,g ({S E* S/l/} ”

o |succy-(t)| > g(|t|, M) for allt € T* such that t O stem(T).
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PROOF. Begin by observing that for all ' € PT; , there exists 7" C T such that

(3¢ : T — [w1]<R°) o satisfies Condition (3) of Definition 4.2 and
T lFpr,, “S="Sy” and ¢¥(s) =0 if s C stem(T)
and (Vs € T") if s O stem(7”) then |sucer (s)| > g(|s|, M +2). (4.11)
To see this simply find 7 C T and T and ¢ : T — [w1]<%0 such that T IFpT,, “T ¢ Gand S =* S;”. Note that

TNT e PTy, because T IFpr, , “T € G”. Choose £ such that r;-7(i) > M + 2 for all i > £ and let t € T NT(¢). Let
T' = (T NT)[t] and define ¢ with domain 7" by

WS):{@_ ifsCt

¥(s) otherwise.
Now define p(t) = 0 if there is 7" C T'[t] such that T € PTy 4, stem(7T) =t and (4.11) holds. Define

p(t) = min ({fa+1 | [{s € sucer(t) | p(s) <a}|=g([t,r(t)) —1)})

and note that (4.11) and a standard argument show that p(stem(T)) is defined. There is no harm in assuming that
ro(| stem(T)]) > 1. R
It follows that there is some T' C T and k € w such that

(Vs € T) if |s| < k then |[succs(s)| > g(|s|,rr(|s]) — 1)

and, moreover, for each ¢t € T'(k) there is by : T[t] — [w1]<X° with disjoint range such that v, satisfies Condition (3) of
Definition 4.2 and

T[] IFpr,, “S =" Sy,” (4.12)
(Vi < k) gu(t [ 5) =0 (4.13)
(Vs € T[t]) if s D ¢ then [succs(s)| > g(|s|, M +2). (4.14)

Now use Lemma 4.4 to find T* C T'[t] such that

U w17

teT (k)
is a function with disjoint range and |succy:(s)| > g(|s|, M) for all s € T* such that s O t. Let T* = UteT(k) Wy | T

Corollary 4.7. If T € PTf, and
T lFpr,, {Vnecw) S, € S(PTy,)”

then there is T* C T and v : T* — [w]<N0 with disjoint range satisfying Condition (3) of Definition 4.2 such that
T* IFpr,, “Vnew) S, C* Sy”
and, hence, 1lrpt, , “‘S(PTy ) is a P-ideal”.

ProOOF. The fact that S(PTy ) is closed under finite unions was established in Corollary 4.5. Use Lemma 4.11 to prove
that it is closed under subsets in the same way that Lemma 3.4 was used in Lemma 3.5 to prove the corresponding fact
about S(LT).

Inductively find T,,, K, and %, such that

hd Tn—i—l - Tn
o Thi1(Ky) =Th(Ky)
o Y, {teT, | |[t| > K,} — [wi1]<N° has disjoint range

o [Wn(D|/Jt| < 1/nift € T, and |t > K,
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Wn41(t) 2 Yy (t) for all ¢ in the domain of 1,41

|sucer, (t)| > g(|t|,n) for t € T,, if |t| > K,

L4 Kn+1>KnZn

Ty lkpr,, “Su =" Sy,

and then let 7" = [, ., T, and define ¥(t) = U, ¢, ¥n(t). Observe that t is in the domain of only finitely many 1,
and, moreover, if k£ is maximal such that ¢t € domain(¢y) then |5 (t)|/|t] < 1/k and ¢ (t) 2 9;(t) for any j such that
t € domain(z;). Hence limyep- [1(2)]/[t] = 0.

At stage n choose K, 11 so large that rr, (j) > n+4 for all j > K, 1. Then for all ¢t € T,,(K,,+1) use Lemma 4.6 to
find Ty C T, [t] such that |succrs(s)| > g(|s|,n + 3) for all s € Ty such that s 2 ¢ and t : T} — [w1] <N with disjoint
range such that

Tt* H_PTf,g “Sn+1 =* Swt”

and such that ¥;(s) = 0 if |s|] < K, 1. Then use Lemma 4.4 to find T;* C Ty satisfying Conditions 4.7 and 4.8. In
particular, r7s«(j) > n+ 1if j > [¢t|. Then use the argument of Corollary 4.5 to find 7} C T;"* such that r/(j) > n if
j > |t] and such that the function ¢, 11 defined by ©,+1(s) = ¥i(s) U, (s) if s € T} and t € T;,(K,+1) has disjoint range.
Let
o= J T
teTn(K'n,+1)

and and observe that all of the induction hypotheses are satisfied.
The following lemma is the counterpart to Lemma 3.7 in the context of PTy .

Lemma 4.8. If W is a finite subtree of |, c,, [Lic, f(i) such that |succw (t)| > g(|t|,(|t])) for every t € W \ max(W)
and if 0 : max(W) — wy then there is a subtree W* C W and a one-to-one function 6* : max(W*) — wy such that

o |succw~(t)| > g(|¢t], r(|t]) — 2) for every t € W* \ max(W*)
o if w € max(W) N max(W*) then 6*(w) = 6(w)

o if w € max(W*) \ max(W) then there is a subtree W,, C W{w] such that (w) = 68*(w) for each @ € max(W,,) and
such that | succw, (t)| > g(|t],r(|t]) — 2) for every t € Wy, \ max(Ww]) such that w C t.

PROOF. Proceed by induction on the difference between the height of W and the cardinality of stem(1/), the case when
stem (W) is the maximal element of W being trivial. Given the result for n let W be a tree such that the difference
between the height of W and the cardinality of sy = stem(W) is n+ 1. For each s € succy (sw) the difference between
the the height of W[s] and the cardinality of s = stem(W[s]) is n and hence there are W) and % witnessing that the
lemma holds.

Let A = {s € succw (sw) | max(W7) = {s}}. The first case to consider is that

1Al = g(lswl,r(sw) —1).
Suppose first that there is « € wy such that if B, = {s € succw (sw) | 0%(s) = a} then
[Bal = g(|swl,r(sw) —2).

Then let W* be the tree with maximal element sy and let 0*(sw) = a. Let Wy, = U ,cp Ws.
On the other hand, if |B,| < g(|sw/|,7(sw) — 1) for each o € wy then use Inequality (4.2) to conclude that there is
C C A such that |C| > g(|sw|,7(sw) — 2) and the mapping s — 0%(s) is one-to-one on C'. In this case let W* be the tree
whose set of maximal elements is precisely C. For each s € C' the set W is already defined from the induction hypothesis.
Now suppose that [A| < g(|sw|,r(sw)—1). Observe that if s € succy (sw)\ A and w € W is such that succy - (w) C
max (W) then |w| > |sw| and hence by Inequality (4.3) it follows that

g(jwl,r(lwl)) > g(jw], r([wl]) = 1) f(lswl) = g(jw], r([w]) = 1)[sucew (sw)-
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From this it is easy to find for each w € W such that succw:(w) C max(W;) a set Z,, C succw:(w) such that
| Zw| > g(|w|, 7(Jw|) — 1) and such that

g* — U U {631 Zy | we W] and sucew: (w) € max(W;) }

sesuccw (sw)\A

is a one-to-one function. Let W* be the tree whose set of maximal elements is

U U {Z, | w € W] and sucew - (w) € max(W7) }.

sesucew (sw)\A

The trees W, for t € Z,, C max(W*) are already defined from the induction hypothesis.

Lemma 4.9. If G is PT;, generic over V then every infinite subset of w1 is orthogonal to S(PTy ) in V[G].
PrOOF. This is similar to the proof of Lemma 3.8 but using Lemma 4.8.

The stronger conclusion of Lemma 4.9 that all infinite sets are orthogonal to S(PTy ), as opposed to uncountable
sets in the conclusion of Lemma 3.8, will not be used here, but seems worthy of note in any case.

Lemma 4.10. Let T € PT;,, K = |stem(T)| and k = [],,cx 2™. Then for any J > K and 0 : T(J) — k there is
W C T such that max(W) C T(J) and 0 | max(W) is constant and such that |succw (t)| > g(|t|, rr(|t]) — 1) for every
t € W\ max(W).

PROOF. Proceed by induction on J — K noting that if J = K the result is trivial. If the result it true for n let
T and J be given such that J — K = n + 1. Since k < [],,cx, 2™ it follows from the induction hypothesis that
there is W, C T'[s] such that max(W,) C T[s](J) and such that 6 | max(W;) is constant with value v, and such that
|sucew, (t)| > g(Jt],r(Jt]) — 1) for each s € succr(stem(T)) and t € W, \ max(W;). Now use Inequality (4.6) of
Definition 4.1 to find Z C succr(stem(7)) and v such that v, = v for s € Z and such that |Z] > g(K,r(K) —1). Then
W =,cz W. is the required tree.

Lemma 4.11. IfT € PT¢, and
Tlpr,, “SecSMPTysy) and f: S — 27

then there are T* C T and ¢ : T* — [w1]<N° such that T* lFpr,, “S="S,” and there is
o v -2
teT*

such that T* lkpp,  “f =" f* [ S7.

PROOF. Begin by using Lemma 4.6 to find T CTand: T — [w]<N such that T IFpr,, “S=*5y". A standard rank
argument can then be used to find 7** C T and an increasing sequence of positive integers {L;};c,, such that T** € PTy ,
and for each t € T**(Li11) there is f; : U,,ep, ¥(t [ m) — 2 such that

T bpr,, “fy = f | ( U vt m))
meL,;
Then use Lemma 4.10 to find T* such that rp«(n) > rp«(n)—1 and such that f; = fsif |s| = |[t| = Liy1and s | L; =t | L.

Lemma 4.12. IfG is PTy,, generic over V and S € S(PTy,), S C& € wy, f: S — 2 is a function in V|G) and Z C ws
has full outer measure, then there is z € Z such that f C z.

PROOF. Given f find T', ¢ and f* satisfying the conclusion of Lemma 4.11. Let f be a finite partial function such that
f 2 ¢(stem(T)) and B -
(f* 15\ domain(f)) U f = f
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and let O be the open set {h € 2¢ ‘ h 2 f} Then Z N O has positive outer measure. Note that Condition 4.1 of
Definition 4.1 implies that for any ¢ € T' the probability that

{he2® ||{sesucer(t) | f*1(s) Ch}|=g(tl,rr(t) = 1)}
is greater than 1 —ajy/ H‘ril:o f(m) and hence, for any n the probability that

{he2® | (vteT(n) |{s €succr(t) | f* 14(s) Ch}|=g(tl,rr(t]) —1)}

is greater than 1 — ayy. It follows from the choice of the a,, that the probability that

{he 28 | (Vt € T) |{s € succr(t) | f* [ (s) Ch}|>g(t],rr(t]) — 1)}
is positive and, morever, this set is independent from O. It follows that there is some z € Z such that
(vt €T) [{s € sucer(t) | f* [¢(s) Sz} | = g(Jt],r(|t]) — 1)

and f C z. It follows that there is T7* C T such that T* € PT;, and such that if t € T then f* | ¢(¢) C z. Then
T lFpr,, “f C2".

Theorem 4.13. Let V be a model of set theory and suppose that U : wi — 2 is a symmetric, measure saturated function
in V and that G C PTy 4 is generic over V. In V[G] let H C Pspr, ) be generic over V[G]. Then in V[G][H] the
graph U is universal.

PROOF. This is the same as the proof of Theorem 3.9.
Corollary 4.14. It is consistent that b =0 = Ry and there is a universal graph on ws.

Proor. This the same as the proof of Corollary 2.14 but using that PT; , is w* bounding.

5. Tree Partial Orders with Additional Structure

5.1. The general framework

The results of the preceding sections were originally obtained by a more complicated argument that was eventually
replaced by the simpler arguments described in §2, §3 and §4. However, there is one result for which the simplified
argument does not seem to be sufficient; this is the question of finding a universal function from w? to w rather than a
universal function from w? to 2. This section will describe an argument showing that it is consistent with b < 9 that
there is a universal function from w? to w. The argument has wider applicability though, which motivated readers will
be able to find on their own.

Definition 5.1. Let Gy : w} — w and G : w} — w be symmetric functions and let £(Go,G1) denote the set of all
finite, one-to-one functions e that are isomorphisms between G; | domain(e)? and Gy | range(e)?; in other words,
G1(n,¢) = Go(e(n),e(C)) all distinct n and ¢ in the domain of e.

<w

Definition 5.2. If Gy : w? — w and G; : wW? — w are symmetric functions and T C w<¥ is a tree then a function

E:T — &(Gy,G1) will be called good if:
(a) if s and ¢ belong to T and s C ¢ then E(s) C E(t)
(b) if s and t belong to T then range(E(t)) Nrange(F(s)) = range(F(sNt)).

The following definitions will be used only in the context of P = PT but it seems worth providing the more general
context since the definitions are applicable for any partial order consisting of trees ordered by inclusion.

Definition 5.3. Let P be a tree partial order. If Gy : w¥ — w and G7 : w? — w are symmetric functions define Pg, a,
to consist of triples (T, E,n) such that

1. TeP

17



2. E: T — &(Gy,Gy) is good
3. 7€ w.
If p=(T,E,n) € Pg, ¢, the notation (TP, EP,n”) will be used to denote (T, E,n). Define p < ¢ if and only if
4. TP C T4
5. EP(t) = E(t) for each t € TP such that t C stem(T?)
6. EP(t) D E(t) for each t € TP such that t D stem(T?)
7. (range(EP(t)) \ range(E(t))) Nn? = () for all t € TP
8. nP =nt.

Definition 5.4. If G C Pg, ¢, is generic define E¢ : wq — wy by Eg =, .o E(stem(T?)).

peG

It is immediate that Eg is a partial embedding of G; into Gy. However, some extra requirements will be needed to
guarantee that Fg is a total embedding. The following arguments restrict attention to Miller forcing.

5.2. Modifying Miller forcing

The first thing to check is that PT¢, g, is proper, indeed, that it satisfies Axiom A. This will rely on the partial
orders <, defined in Definition 7.3.44 of [8]. However, the proof is not immediate as this is the place at which nP, the
third component of p € PTg, ¢,, is used.

Lemma 5.5. If Gy : w? — w and Gy : w? — w are symmetric functions then PTq, ¢, satisfies Aziom A.
ProoF. For p and ¢ in PTg, ¢, define p <,, ¢ if
L p=<q
2. split, (T?) = split,, (T9)
3. EP(t [ k)= FEt | k) for all t € split, (T?) and k < [t|.
It needs to be verified that these partial orders witness that PTq, ¢, satisfies Axiom A. The only point that needs an
argument is that given a dense D C PT¢, ¢,, p € PTq, ¢, and n € w there is ¢ <, p such that for each ¢t € split, (T?) =
split,, (T'9) the condition (T'[t], E? | T1[t],n?) € D.
To see that this is so, let {t}xe., enumerate split,, (T?). Construct inductively py, € PTq, ¢, and n; € wy such that:
e o =nP
o pr < (TP[tx), EP [ TP[tx], 1)
e p.€D
* M 2 Uicr Users: range(E7(s))
o 7, >nPi fori € k.

Then let T9 = (J, ¢, TP* and E9 = |, EP* and n? = [J, ¢, n"* and set ¢ = (79, £%,7?). Note that Condition (3) holds
because of (5) in Definition 5.3.

Lemma 5.6. If Gy : w? — w is category saturated and £ € wy then
{p € PT¢, ¢, | &€ domain(E”(stem(7T?)))}

is dense in PTq,.q, -
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PrOOF. Now let p € PT¢,.¢,. For s € split,,, (TP) let
F(s)={EP(t)\ EP(s) | t € split,, (T)andt D s}

and note that any two distinct functions in F(s) have disjoint ranges by (b) of Definition 5.2. For f € F(s) define

Fe s :range(f) = 2 by Fe (f(C)) = G1((,€).
Let 1 € wy be so large that the range of each EP(t) is contained in u. Note that if

D(s) ={h € 2" | h D F¢ for infinitely many f € F(s)}

then D(s) is dense a G5 subset of 2# with the product topology. Since Gy is category saturated it is possible to find

£* > nP such that GS* I 1€ D(s) for all s € split(T?) where Gg* is defined in Definition 1.3. Moreover, it can be assumed
that Go(EP(stem(T?))((),&*) = G1(¢, €) for each ¢ € domain(stem(77)).
Now let T be set of all initial segments of elements of

{t e TP ‘ t 2 stem(T”) and F¢ gr(y) C Gg* }

and note that 7' € PT and, hence, that (T, EP | T,n?) € PTg,.¢,. Moreover if E is defined by E(t) = EP(t) U {(&,£*)}
for all t € T such that ¢t O stem(T) then E is good and hence (T, E,n?) € PTq, ¢, -

The following is the version of Theorem 7.3.46 required for PT¢, q, -

Theorem 5.7. PTq, ¢, preserves CC°heM as defined in Definition 6.3.15 on page 295 of [8].
Proor. Given p € PTg, ¢, and a countable elementary submodel 91 such that
P II—pTGOc1 “c is a Cohen real over 2’

let 77 € PT be the tree constructed in the proof of Theorem 7.3.46 in [8]. Observe that this proof does not require
extending EP or nP. Hence ¢ = (T”, EP,n?) € PT¢q, ¢, and it is easy to check that

qlFprg, o, “cis a Cohen real over NM[G]”.

Corollary 5.8. The countable support iteration of partial orders of the form PT¢, ¢, preserves the non-meagreness of
non-meagre sets from the ground model.

PRrROOF. This follows from Theorem 6.3.20 in [8].
Theorem 5.9. It is consistent with set theory that b = Ny, 0 = Ry = ¢ and there is a universal function from w? to w.

PROOF. Let V' be a model of the Continuum Hypothesis and, in V, let {G¢}ecw, enumerate all P names for functions
from w? to w where P is a partial order of cardinality X;. Also in V, using Lemma 1.5 let G be a category saturated
function from w? to w. Let P¢ be defined inductively so that if £ is a limit ordinal then P¢ is the countable support limit
of {P,},ce and, if G¢ is a P¢ name then P¢yy = Pe * PTg ¢, and let Pey 1 = Pe x PT otherwise.

It H CP,, is generic over V and G: w? — w belongs to V[H] then, since P,,, is proper by Lemma 5.5, it follows that
Ge V[H NP¢] for some & € wy. Hence there is some 1 € wy such that Gy, is a IP,, name for G.

By Theorem 5.7, Lemma 6.3.19 of [8] and Corollary 5.8 it follows that

Llkp, “G is category saturated ”

and hence by Lemma 5.6 it follows that the domain of Ehmpr_pc&7 as defined in Definition 5.4 is all of w; and so EHmpTG,Gn
is an embedding of G, into G as required.

Note that, unlike the corresponding arguments in §2, §3 and §4, the argument of Theorem 5.9 deals with only one
function at each stage of the iteration. While in the earlier sections the saturated graph constructed using the Continuum
Hypothesis in the ground model remains universal at all stages of the iteration, in Theorem 5.9 this is only achieved at
the end of the iteration.
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6. The Key Combinatorial Lemma

This section describes the combinatorial reason why the existence of a universal graph dies not imply the existence of
a universal function with range w.

Lemma 6.1. If b =Ny and there is a sequences of pairs of natural numbers {(m;,n;)}icw such that m; < n; < m;yq for
each i € w then

B
VF C [H [m—]m’] <39 € Hn> (Vf € F)(@3m e w)(Vk =m) g(k) & f(k) (6.1)

then there is no Sierpiniski universal ¢ : w? — w.

PROOF. Let B, : 7 — w be a bijection for each n € wy. Suppose that ¢ : w? — w is a Sierpiniski universal function. If
neécw and j € w let
foeG) = {c(B (), &) €ny | kemy}

and use the hypothesis of the lemma to find a function g, € [],.,, ni such that g,(j) ¢ fy.¢(j) for every £ € wy and for
all but finitely many j € w.

Let U be a family of increasing functions from w to w that is <* unbounded and such that || = R;. Let ¢ : U Xw; — wy
be a bijection and define

b:wxw —w

Now suppose that e : w; — w; is an embedding of the partial function b into ¢. Let n be such that e(j) € n for
all j € w and let v € U be such that there are infinitely many & such that B, (e(k)) € my ). Choose j so large that

In(u(4)) & foe(wum) (u(j)) and such that B, (e(j)) € my(j). Then

b(j, 1 (u,m) = gy (u()) # c(By (By(e(i)), e(v(u,m))) = ce(j), e(¥(u,n)))
contradicting that e is an embedding.

Corollary 6.2. The ezistence of a universal graph on wy does not imply the existence of a universal function from w? to
2.

PrROOF. Recall that the model establishing Corollary 4.14 is obtained from the wy length iteration of the partial orders
PT; , of Theorem 4.13. Using n; = f(i) and m; = g(4,0) it follows that given F in the intermediate model iterating
up to ¢ the generic function in [,  n; added at stage { witnesses that Condition (6.1) holds in this model. Now apply
Lemma 6.1.

7. Other types of embedding, questions and remarks

There are various way of generalizing the notions of embeddings discussed in the introduction. The following two are
singled out because something can be said about them.

Definition 7.1. A function U : k X k — X is p-weakly universal if for every f : kK X kK — A there exists a one-to-one
function h : k — k and a function e : A — X\ such that e(f(a, 8)) = U(h(a), h(B)) for all @ and S in £ and |e"1(&)| < p
for all £ € A\. The function U will be called co-p-weakly universal if for every f : kK X kK — A there exists a one-to-one
function h : k — k and a function e : A — X such that f(a, ) = e(U(h(a),h(B))) for all @ and 3 in k and |e=(£)] < p
for all £ € A. In either case the pair (h,e) will be called a p-weak embedding or a co-p-weak embedding as appropriate.

While asking for the function U : k X k — A to be AT-weakly universal is trivial (just let U be constant) this is not
so clear for the notion of co-A\T-weakly universal — this notion will be referred to as simply co-weakly universal.

Proposition 7.2. A function U : k X K — X is co-AT-weakly universal if and only if for every f : k X kK — X there exists
a one-to-one function h : kK — k such that

if (e, B) # f(a", B7) then U(h(@), h(B)) # U(h(a™), h(B7))

for all o, B, a* and B* in k.
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PROOF. Given the property define e : A — X by e(U(h(a), h(8))) = f(a, ). The other implication is even more trivial.

Trivial as it may seem, it is worth noting that Proposition 7.2 implies that it is easy to find a co-x™-weakly universal
function U : £ X k — k (simply make U one-to-one). It is shown in [12] that Martin’s Axiom for partial orders with
Knaster’s Property implies that there is a co-weakly universal function from w? to w. On the other hand, it is consistent
with this version of Martin’s Axiom that there is no universal function from w? to w. However, even the following question
seems open.

Question 7.3. Is there a co-weakly universal function from w? to w?

A key motivating question from the introduction also remains open.

Question 7.4. Does the existence of a weakly universal function from w? to w imply the existence of a universal function
from w? to w?

The next result sheds some light on these questions by establishing that the existence of an Np-weakly universal
function implies the existence of a weakly universal function assuming that the cardinal invariant 9 is small.

Proposition 7.5. If 0 = Ny and there is an Ro-weakly universal function from w? to w then there is a weakly universal
function from w? to w.

PROOF. Suppose there is an Rg-weakly universal function U : w? — w. Let ® C w® be a dominating family of cardinality
0 consisting of strictly increasing functions. For d € D let

K} =dodo...od(0)
—_—
n iterations
and let Fy : w — w be defined by Fy(i) = K7’ for all i such that K7 ~" <i < K7"*'. Let k4 be the function defined by
ka(j) = K. _
Then FyoU : w? — {K jj }jcw is not a weakly universal function and there is a witness to this, namely a function Wy

that is not weakly embeddable into F,; o U. There is no harm in assuming that there is a partition {Py}4co of wy such
that the domain of Wy is P7 so that Wy : P7 — w. Let

W = U kg o Wy
de®

Using that U is Np-weakly universal let h : wqy — w; be one-to-one and let e : w — w be finite-to-one such that
e(W(a, B8)) =U(h(a),h(B)). Now let d € ® be such that

d(i) 2 |J ({e()yue () (7.1)

J<i
and note that (h | Py, e) is an Rg-weak embedding of kg o Wy to U. It will be shown that (h | Py, F) is actually a weak
embedding of Wy into F; o U; in other words, that kg o Wy(a, ) = Fqo U(h(a), h(B)) for o and § in Py.
To see that this is the case, let (a, 3) € P2. Then ky(Wy(a, B)) = K;j for j = Wy(a, 8) and hence it suffices to show
that K37~" < U(h(a),h(B)) < K*'. But
e(K') = e(ka(Wa(a, 8))) = e(W(a, 8)) = U(h(a), h(B))
and so it suffices to show that K§j71 < e(ij) < K;Hl = d(ij). This follows immediately from (7.1).

Finally, a result will be stated without proof that establishes a weak form of universal function from w? to w in the
models of §3 and §4.

Definition 7.6. A function F : w? — w will be called bounded if there is function B : w; — w such that F(n,() <
min(B(n), B({)) for all  and (.

If v is some measure on w giving each singleton positive measure and U : w? — w is v-saturated then a slight modification
of the methods of §3 and §4 yields a model where U is universal for all bounded function from w? to w.
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